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SUMMARY 
A phenomeno log ica l l y  based v i s c o p l a s t i c  model i s  d e r i v e d  f o r  copper .  The 
model i s  t he rmodynamica l l y  c o n s t r a i n e d  by  t h e  c o n d i t i o n  of m a t e r i a l  d i s s i p a t i v -  
i t y .  Two i n t e r n a l  s t a t e  v a r i a b l e s  a r e  cons ide red .  The back  s t r e s s  accounts  
f o r  s t r a i n - i n d u c e d  a n i s o t r o p y ,  or k i n e m a t i c  h a r d e n i n g .  The d r a g  s t r e s s  
accounts  f o r  i s o t r o p i c  h a r d e n i n g .  S t a t i c  and dynamic r e c o v e r y  terms a r e  n o t  
coup led  i n  e i t h e r  e v o l u t i o n a r y  e q u a t i o n .  The e v o l u t i o n  o f  d r a g  s t r e s s  depends 
on  s t a t i c  r e c o v e r y ,  w h i l e  t h e  e v o l u t i o n  of back s t r e s s  depends on  dynamic 
r e c o v e r y .  The m a t e r i a l  c o n s t a n t s  a r e  de te rm ined  from i s o t h e r m a l  d a t a .  Model 
p r e d i c t i o n s  a r e  compared w i t h  exper imen ta l  d a t a  for thermomechanical  t e s t  con- 
d i t i o n s .  They a r e  i n  good agreement a t  t h e  h o t  end o f  t h e  l o a d i n g  c y c l e ,  b u t  
t h e  model o v e r  p r e d i c t s  t h e  s t r e s s  response a t  t h e  c o l d  end o f  t h e  c y c l e .  
INTRODUCTION 
A wide range o f  m a t e r i a l s  a r e  used i n  d e v i c e s  t h a t  a r e  des igned t o  
f u n c t i o n  i n  h igh - tempera tu re  env i ronments .  M a t e r i a l s  o f  h igh - tempera tu re  capa- 
b i l i t y  l i m i t  t h e  d e s i g n e r  i n  some a p p l i c a t i o n s ,  w h i l e  m a t e r i a l s  o f  h i g h -  
c o n d u c t i v i t y  c a p a b i l i t y  l i m i t  h i m  i n  o t h e r  a p p l i c a t i o n s .  
a p p l i c a t i o n  c a l l s  f o r  a m a t e r i a l  o f  h i g h  c o n d u c t i v i t y ,  copper i s  o f t e n  t h e  
m a t e r i a l  o f  c h o i c e .  For example, a copper l i n e r  i s  used i n  t h e  r e g e n e r a t i v e l y -  
c o o l e d  main combust ion  chamber o f  t h e  space s h u t t l e  ma in  eng ines .  
Whenever a d e s i g n  
The p r ime  o b j e c t i v e  i n  t h e  development of a v i s c o p l a s t i c  model,  i n  t h e  
a u t h o r s '  o p i n i o n ,  i s  t o  make i t  as s imp le  as t h e  p h y s i c s  and i n t e n d e d  a p p l i c a -  
t i o n  a l l o w s .  The main reason fo r  d o i n g  i n e l a s t i c  ana lyses  i s  n o t  t o  de te rm ine  
the deformation response o f  a structure per se. but rather, t o  assess i t s  use- 
f u l  s e r v i c e  l i f e .  R e s u l t s  from i n e l a s t i c  ana lyses  a r e  i n p u t  t o  l i f e  assess ing  
schemes. These schemes t y p i c a l l y  r e q u i r e  such q u a n t i t i e s  a s :  s t r e s s  range,  
mean s t r e s s ,  i n e l a s t i c  s t r a i n  range,  and percentages  o f  c reep  and p l a s t i c i t y  
t h a t  make up t h e  i n e l a s t i c  s t r a i n  range.  I t  i s  t h e r e f o r e  paramount t h a t  t h e  
p r e d i c t i v e  c a p a b i l i t y  o f  a v i s c o p l a s t i c  model be capab le  o f  p r e d i c t i n g  these  
phenomena w i t h  reasonab le  accu racy .  
A v i s c o p l a s t i c  model f o r  pu re  m e t a l s  i s  deve loped and a p p l i e d  t o  copper 
i n  t h i s  paper .  ( I t s  e x t e n s i o n  t o  a l l o y s  i s  a s u b j e c t  of c u r r e n t  r e s e a r c h . )  
T h i s  model i s  phenomeno log ica l ,  and c o n s i s t e n t  w i t h  t h e  p h y s i c s  o f  i n e l a s t i c  
d e f o r m a t i o n  i n  pu re  m e t a l s .  I t s  mathemat ica l  s t r u c t u r e  i s  k e p t  s i m p l e  b u t  ade- 
quate ,  so t h a t  t h e  model may be u s e f u l .  M a t e r i a l  c o n s t a n t s  a r e  de te rm ined  i n  
a s t r a i g h t  f o r w a r d  manner from i s o t h e r m a l  d a t a .  To b e g i n  t o  assess t h e  m o d e l ' s  
p r e d i c t i v e  c a p a b i l i t y ,  p r e d i c t i o n s  a r e  compared w i t h  exper imen ts  f o r  t h e  case 
o f  thermomechanical d e f o r m a t i o n .  
NOMENCLATURE 
A,Do,Ds,h,H,L,n,Q,S,Tm i n e l a s t i c  m a t e r i a l  c o n s t a n t s  
B i  j back s t r e s s  ( d e v i a t o r i c )  
D d r a g  s t r e s s  
E ,a,v e 1 as t i c mater  i a 1 c o n s t a n t s  
e i j  = c i j  - 113 & & S i j  
- F , & G * L , f i , l , e  i n e l a s t i c  m a t e r i a l  parameters  
d e v i a t o r i c  s t r a i n  
k,T,AT Bo l t zmann 's  c o n s t a n t ,  a b s o l u t e  temperature,  t empera tu re  
change 
S i j  = O i j  - 1 / 3  Ukk&i j  d e v i a t o r i c  S t r e s s  
- x.  . x  2 i j  j i  norms x2 = { s2, B~ ,z2 , E 2 ,  E 2  
Kronecker  d e l t a  'i j 
s t r a i n  i j  
P C  i n e l a s t i c  s t r a i n s  ( d e v i a t o r i c )  
E 
E i j ,  E i j  
O i  j s t r e s s  
C i j  = S i j  - B i  j e f f e c t i v e  s t r e s s  ( d e v i a t o r i c )  
VISCOPLASTIC THEORY 
The v i s c o p l a s t i c  t h e o r y  p r e s e n t e d  h e r e i n  i n c o r p o r a t e s  two i n t e r n a l  s t a t e  
v a r i a b l e s ;  t h e y  a r e :  t h e  back s t r e s s  B i j  for k i n e m a t i c  or f l ow- induced  a n i -  
s o t r o p i c  h a r d e n i n g  (wh ich  i s  d e v i a t o r i c ) ,  and t h e  d r a g  s t r e s s  D f o r  i s o t r o p i c  
ha rden ing .  A s i m p l i f i e d  s t r u c t u r e  for t h i s  t h e o r y  i s  assumed so t h a t  t h e r e  i s  
no c o u p l i n g  between s t a t i c  and dynamic r e c o v e r y  t e r m s  i n  e i t h e r  o f  t h e  evo lu -  
t i o n a r y  e q u a t i o n s .  T h i s  f a c i l i t a t e s  t h e  d e r i v a t i o n  o f  m a t e r i a l  f u n c t i o n s  for 
t h e  v i s c o p l a s t i c  model p r e s e n t e d  l a t e r  i n  t h e  paper .  
The proposed e l a s t i c - v i s c o p l a s t i c  t h e o r y  i s  c h a r a c t e r i z e d  by t h e  e l a s t i c  
c o n s t i t u t i v e  e q u a t i o n s  
- 3a AT)  E 'kk - 1 - 2v ('kk - -  
and 
( l a )  
( 1  b)  




Repeated i n d i c i e s  a r e  summed o v e r .  A d o t  p l a c e d  o v e r  a v a r i a b l e  denotes i t s  
t i m e  r a t e  o f  change. S t r a i n s ,  d i sp lacemen ts ,  and r o t a t i o n s  o f  t h e  m a t e r i a l  
e lement a r e  i n f i n i t e s i m a l .  
The f low e q u a t i o n ,  e q u a t i o n  ( 2 a > ,  i s  c o n s i s t e n t  w i t h  t h e  c o n s t r u c t s  used by 
Prager  ( r e f .  2 )  i n  h i s  t h e o r y  of p l a s t i c i t y .  C o n t r a c t i n g  t h i s  e q u a t i o n  w i t h  
i t s e l f  r e s u l t s  i n  t h e  r e l a t i o n s h i p  
which d e f i n e s  t h e  Zener-Hollomon ( r e f .  3)  parameter .  
The e v o l u t i o n a r y  e q u a t i o n  f o r  back s t r e s s ,  e q u a t i o n  ( 2 b ) ,  i s  c o n s i s t e n t  
w i t h  t h e  k i n e m a t i c  c o n s t r u c t s  used by K r i e g  ( r e f .  4 )  i n  h i s  two-su r face  t h e o r y  
of p l a s t i c i t y .  H e r e  s t r a i n - i n d u c e d  dynamic r e c o v e r y  competes a g a i n s t  s t r a i n  
ha rden ing .  Th is  c o m p e t i t i v e  process r e s u l t s  i n  t h e  back s t r e s s  ha rden ing  up 
e x p o n e n t i a l l y  t o  a l i m i t i n g  s t a t e  L a s s o c i a t e d  w i t h  k i n e m a t i c  s a t u r a t i o n ,  and 
t h e r e b y  a c c o u n t i n g  for t h e  s t r a i n  ha rden ing  response observed i n  s t a b l e  h y s t e r -  
e s i s  l o o p s  o f  s t r e s s  versus s t r a i n .  
The e v o l u t i o n a r y  e q u a t i o n  for d rag  s t r e s s ,  e q u a t i o n  ( 2 c > ,  i s  c o n s i s t e n t  
w i t h  t h e  i s o t r o p i c  c o n s t r u c t s  used by M i t r a  and McLean ( r e f .  5 )  i n  t h e i r  t h e o r y  
of c reep .  Here t h e r m a l l y - i n d u c e d  s t a t i c  r e c o v e r y  competes a g a i n s t  s t r a i n  ha r -  
den ing .  T h i s  c o m p e t i t i v e  process accounts f o r  t h e  c y c l i c  s t r a i n  ha rden ing  
response observed e a r l y  i n  t h e  f a t i g u e  l i f e .  
For any v i s c o p l a s t i c  t h e o r y  t o  be the rmodynamica l l y  a d m i s s i b l e ,  i t  must 
s a t i s f y  d i s s i p a t i v i t y  ( c f .  Onat and L e c k i e  ( r e f .  6)). For t h e  v i s c o p l a s t i c  
t h e o r y  o f  e q u a t i o n  ( 2 ) ,  t h i s  c o n d i t i o n  r e q u i r e s  t h a t  ( r e f .  1 )  
D P A+Dh B 
H - UijEji > B i j  ( 5a )  
3 
r e s u l t i n g  i n  t h e  c o n s t r a i n t  
which bounds s t a t i c  r e c o v e r y  from below. T h i s  c o n s t r a i n t  w i l l  seldom, i f  e v e r ,  
be r e a l i z e d  i n  any g i v e n  a n a l y s i s  b u t ,  n e v e r t h e l e s s ,  i t  i s  a p h y s i c a l l y  manda- 
t o r y  c o n s t r a i n t .  
too. The d r a g  s t r e s s  cannot  d i p  below t h e  minimum v a l u e  Do a s s o c i a t e d  w i t h  
t h e  v i r g i n  o r  annealed s t a t e .  
S t a t i c  r e c o v e r y  i s  bound from below by ano the r  c o n s t r a i n t ,  
STEADY-STATE FLOW 
Before t h e  v i s c o p l a s t i c  t h e o r y  o f  t h e  p r e v i o u s  s e c t i o n  can be used t o  
model a m a t e r i a l  or a c l a s s  of m a t e r i a l s ,  s p e c i f i c  forms f o r  i t s  m a t e r i a l  f u n c -  
t i o n s  e, 1, and 2 must be de te rm ined .  P h y s i c a l l y - b a s e d  phenomenological  
r e l a t i o n s  a r e  used t o  meet t h i s  need. I n  t h i s  s e c t i o n ,  c o n d i t i o n s  o f  s teady-  
s t a t e  flow a r e  used t o  c h a r a c t e r i z e  t h e  thermal  d i f f u s i v i t y  8 and Zener- 
Hollomon 1 parameters.  
The temperature dependence of t h i s  t h e o r y  i s  l a r g e l y  c o n t a i n e d  w i t h i n  t h e  
thermal  d i f f u s i v i t y  pa ramete r ,  which i s  t aken  t o  be ( c f .  M i l l e r  ( r e f .  7 ) ) .  
i e = ,  (6) 
D i f f u s i o n - c o n t r o l l e d  d i s l o c a t i o n  c l i m b  i s  t h e  p r i m a r y  r a t e  c o n t r o l l i n g  
mechanism o f  i n e l a s t i c  f low a t  t h e  h i g h e r  homologous tempera tu res ,  w h i l e  d i s -  
l o c a t i o n  g l i d e  dominates a t  t h e  lower homologous temperatures ( c f .  Ashby 
( r e f .  8)). Equa t ion  6 r e p r e s e n t s  t h e  e f f e c t  t h a t  these mechanisms have on t h e  
tempera tu re  dependence o f  i n e l a s t i c  f low i n  a simp1 i s t i c  way. 
S ince  t h e  s t e a d y - s t a t e  flow of me ta l s  can be modeled by a power-law a t  t h e  
lower  s t r e s s e s  and an e x p o n e n t i a l  a t  t h e  h i g h e r  s t r e s s e s  ( c f .  Dorn ( r e f .  9>), 
one can w r i t e  t h e  s t e a d y - s t a t e  Zener-Hollomon parameter as 
n 
4 
which i s  a s s o c i a t e d  w i t h  t h e  flow e q u a t i o n  
o f  O d q v i s t ' s  ( r e f .  10) t h e o r y  of creep.  T h i s  Zener-Hollomon parameter  i s  
d e f i n e d  i n  such a way t h a t  i t  i s  con t i nuous  and d i f f e r e n t i a b l e  ac ross  t h e  
i n t e r f a c e  S2 = S. D i f f u s i o n - c o n t r o l l e d  d i s l o c a t i o n  c l i m b  governs t h e  i n e l a s -  
t i c  response a t  t h e  l ower  s t r e s s e s ,  w h i l e  d i s l o c a t i o n  g l i d e  governs i t  a t  t h e  
h i g h e r  s t r e s s e s  ( r e f .  8 ) .  E q u a t i o n  7 r e p r e s e n t s  t h e  e f f e c t  t h a t  t hese  mechan- 
isms have on t h e  s t r e s s  dependence o f  i n e l a s t i c  f low i n  a s i m p l i s t i c  way. 
VISCOPLASTIC MODEL 
A s p e c i f i c  v i s c o p l a s t i c  model i s  f o r m u l a t e d  i n  t h i s  s e c t i o n  by e q u a t i n g  
t h e  arguments o f  t h e  t r a n s i e n t  and s t e a d y - s t a t e  Zener-Hollomon parameters  of  
e q u a t i o n s  ( 2 )  and ( 7 )  under s t e a d y - s t a t e  c o n d i t i o n s .  Th is  enables one to  
d e r i v e  s p e c i f i c  r e p r e s e n t a t i o n s  for t h e  Zener-Hollomon Z and s t a t i c  r e c o v e r y  
- r parameters  t h a t  a p p l y  t o  t r a n s i e n t  and s t e a d y - s t a t e  c o n d i t i o n s  a l i k e .  
E q u a t i n g  these  arguments a t  s teady  s t a t e  g i v e s  t h e  e q u a t i o n  
s2 Z2 S2 - B2 S 2  - L - - - -  
D - D  - S  
F = - =  
- D  
t h e r e b y  e n a b l i n g  one t o  d e f i n e  t h e  f u n c t i o n  
(8a)  
for  s t a t i c  r e c o v e r y  a t  s teady  s t a t e ,  where 0 < D < S .  T h i s  d e r i v a t i o n  makes 
use o f  t h e  f a c t s  t h a t  E2 = S2 - B2 and 62 = L a t  s teady s t a t e  ( n e i t h e r  o f  
which i s  t r u e ,  i n  g e n e r a l ) .  
With t h e  s t r u c t u r e  of the  f u n c t i o n  G now e s t a b l i s h e d ,  i t  i s  u s e f u l  t o  
r e c o n s i d e r  t h e  e v o l u t i o n a r y  e q u a t i o n  for t h e  d r a g  s t r e s s ,  e q u a t i o n  ( 2 ~ ) .  
T h e r e i n ,  t h e  d rag  s t r e s s  i s  d e f i n e d  t o  harden up a t  t h e  r a t e  hi!/G, which 
equa ls  Therefore,  l i k e  t h e  back 
s t r e s s ,  t h e  d rag  s t r e s s  hardens up i n  an e x p o n e n t i a l  manner. That  i s ,  t h i s  
e v o l u t i o n a r y  e q u a t i o n  for d r a g  s t r e s s  has t h e  concept  of dynamic r e c o v e r y  
b u i l t  i n  w i t h o u t  i n t r o d u c i n g  a separa te  t e r m  for i t .  However, u n l i k e  t h e  back 
s t r e s s ,  t h e  e f f e c t  of  s t r a i n  h a r d e n i n g  can never  be c o m p l e t e l y  cance led  o u t  by 
h(S - D)Cg/L because of e q u a t i o n  (8). 
t h e  i n f l u e n c e  o f  dynamic r e c o v e r y  a t  t h e  i s o t r o p i c  s a t u r a t i o n - o f  s t a t e .  
i n f l u e n c e  o f  s t a t i c  r e c o v e r y  i s  a l s o  r e q u i r e d .  
s t r e s s  D must always be l e s s  t h a n  t h e  power-law breakdown s t r e s s  S i n  
p resence o f  a back s t r e s s  
By combin ing e q u a t i o n s  ( 7 )  and ( 8 ) ,  one o b t a i n s  t h e  d e s i r e d  Zener-Ho 
parameter  
T h i s  i s  because t h e  d r a g  
B i j .  
he 




L i  kewi se, by combi n i  ng equat  
r e c o v e r y  parameter 
- r ( G >  
where 
ons (8) and ( g a l ,  one o b t a i n s  t h e  d e s i r e d  s t a t  
(9a)  
C 
(9b )  
s i n c e  r = LlG and G = 1 a t  s teady  s t a t e .  T h i s  s t a t i c  r e c o v e r y  parameter i s  
t he rmodynamica l l y  c o n s t r a i n e d  by e q u a t i o n  (5). 
Since  F and G a r e  n o t  r e s t r i c t e d  t o  be s t e a d y - s t a t e  parameters ,  t h e  
Zener-Hol lorn% and s t a t i c - r e c o v e r y  parameters  of e q u a t i o n  ( 9 )  a p p l y  t o  t r a n -  
s i e n t  and s t e a d y - s t a t e  c o n d i t i o n s  a l i k e .  
DETERMINING MATERIAL CONSTANTS 
For t h e  v i s c o p l a s t i c  model p r e s e n t e d  i n  t h i s  paper ,  t h e r e  a r e  two m a t e r i a l  
c o n s t a n t s  r e q u i r e d  to  c h a r a c t e r i z e  thermal  d i f f u s i v i t y :  Q and Tm; t h r e e  
m a t e r i a l  c o n s t a n t s  r e q u i r e d  t o  c h a r a c t e r i z e  s teady  s t a t e :  A ,  n, and S ;  t h r e e  
m a t e r i a l  c o n s t a n t s  r e q u i r e d  t o  c h a r a c t e r i z e  t r a n s i e n t  b e h a v i o r :  h, H,  and L; 
and one i n i t i a l  c o n d i t i o n :  Do. Thus, t h e r e  a r e  n i n e  v i s c o p l a s t i c  m a t e r i a l  
c o n s t a n t s  i n  a l l .  T h e i r  va lues  for  copper a r e  g i v e n  i n  t a b l e  I. O f  these  
n i n e ,  o n l y  f o u r  can v a r y  w i t h  temperature;  t h e y  a r e :  h, H ,  L, and Do. 
The a c t i v a t i o n  energy for s e l f  d i f f u s i o n  Q and t h e  m e l t i n g  tempera tu re  
Tm a r e  handbook da ta .  
With t h e  thermal  d i f f u s i v i t y  now c h a r a c t e r i z e d ,  one can de te rm ine  t h e  
Zener-Hollomon parameter 
a s s o c i a t e d  f low s t r e s s  S 2 .  Such a d a t a  p l o t  i s  p resen ted  i n  f i g u r e  1 f o r  cop- 
p e r .  
f o u r  t o  s i x  creep exper iments,  u s u a l l y  r u n  a t  d i f f e r e n t  t empera tu res  b u t  w i t h  
t h e  same f low s t r e s s .  Our f u l l y - r e v e r s e d  s a t u r a t e d  c y c l i c  d a t a  a r e  i n  agree- 
ment w i t h  these monotonic d a t a .  Values for t h e  m a t e r i a l  c o n s t a n t s  A ,  n,  and 
S a r e  o b t a i n e d  by f i t t i n g  these  d a t a  to  e q u a t i o n  ( 7 a ) .  Such a f i t  i s  r e p r e -  
sented b y  t h e  s o l i d  cu rve  i n  t h i s  f i g u r e  for t h e  m a t e r i a l  c o n s t a n t s  g i v e n  i n  
t a b l e  I. These c o n s t a n t s  a r e  q u i c k l y  o b t a i n e d  by t r i a l  and error. The c o e f f i -  
c i e n t  A t r a n s l a t e s  t h e  cu rve  a l o n g  t h e  o r d i n a t e ,  t h e  Nor ton  exponent n 
d e f i n e s  t h e  s lope  o f  t h e  cu rve  i n  t h e  power-law domain, and t h e  power-law 
breakdown s t r e s s  S s p l i t s  t h e  s t r e s s  domain i n t o  power-law and e x p o n e n t i a l  
s t ress-dependent  domains. 
= &;/e a t  s teady  s t a t e  and p l o t  i t  a g a i n s t  i t s  
Each datum p o i n t  from t h e  l i t e r a t u r e  r e p r e s e n t s  t h e  average o f  t y p i c a l l y  
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Wi th  t h e  t h e r m a l - d i f f u s i v i t y  and s t e a d y - s t a t e  m a t e r i a l  c o n s t a n t s  spec i -  
f i e d ,  one can de te rm ine  t h e  m a t e r i a l  c o n s t a n t s  H and L from s t a b l e ,  s t r e s s -  
s t r a i n ,  h y s t e r e s i s  l oops ,  where t h e  d r a g  s t r e s s  i s  s a t u r a t e d .  A c t u a l l y ,  an 
i n t e r a c t i v e ,  n o n l i n e a r ,  l eas t - squares ,  o p t i m i z a t i o n  program ( r e f .  15) was used 
t o  f i t  H,  L ,  and t h e  s a t u r a t e d  v a l u e  of t h e  d r a g  s t r e s s  Ds t o  d a t a  o b t a i n e d  
from s t a b l e  h y s t e r e s i s  l oops  a t  room-temperature,  200, 400, and 600 " C .  
A l though  i t  i s  n o t  necessa ry  t o  use such a techn ique ,  i t  i s  u s e f u l  and exped i -  
e n t  t o  do so i n  d e t e r m i n i n g  these  p a r t i c u l a r  m a t e r i a l  c o n s t a n t s .  An o p t i m i z a -  
t i o n  a l g o r i t h m  i s  a l s o  an e x t r e m e l y  u s e f u l  tool  i n  a s s e s s i n g  t h e  v a l i d i t y  of 
proposed c o n s t i t u t i v e  e q u a t i o n s .  The o p t i m i z e d  v a l u e s  f o r  H and D s  were 
found  t o  be independent  o f  tempera tu re ,  and t h e i r  averaged v a l u e s  were d e t e r -  
mined. On ly  L v a r i e d  s y s t e m a t i c a l l y  w i t h  tempera tu re ,  and was f i t  w i t h  good 
accuracy  by  an A r r h e n i u s  f u n c t i o n  o f  tempera tu re  (see t a b l e  I ) .  The e x p e r i -  
mental  and c o r r e l a t e d ,  s t a b l e ,  s t r e s s - s t r a i n ,  h y s t e r e s i s  loops a r e  p resen ted  i n  
f i g u r e  2 f o r  you r  compar ison .  The m a t e r i a l  c o n s t a n t  L de te rm ines  t h e  e x t e n t  
o f  i n c r e a s e  i n  s t r e s s  from t h e  o n s e t  o f  i n e l a s t i c  flow t o  t h e  s a t u r a t e d  s t a t e .  
The m a t e r i a l  c o n s t a n t  H de te rm ines  how much i n e l a s t i c  s t r a i n  i s  r e q u i r e d  t o  
go from t h e  o n s e t  o f  i n e l a s t i c  f low t o  t h e  s a t u r a t e d  s t a t e .  The f a c t  t h a t  t h e  
l i m i t i n g  s t a t e  o f  back s t r e s s  L d i m i n i s h e s  w i t h  i n c r e a s i n g  tempera tu re  i n t r o -  
duces t h e  e f f e c t  o f  s t a t i c  r e c o v e r y  w i t h o u t  i n t r o d u c i n g  a separa te  t e r m  f o r  i t  
i n t o  t h e  e v o l u t i o n a r y  e q u a t i o n  f o r  back s t r e s s .  
Two m a t e r i a l  c o n s t a n t s  rema in  t o  be de termined;  t h e y  a r e :  Do and h .  
T h e i r  va lues  a r e  q u i c k l y  o b t a i n e d  by  t r i a l  and e r r o r  b y  compar ing  numer i ca l  
s i m u l a t i o n s  w i t h  exper imen ts .  The v i r g i n  d rag  s t r e s s  Do i s  a s s o c i a t e d  w i t h  
t h e  annealed y i e l d  s t r e n g t h .  The m a t e r i a l  c o n s t a n t  h de te rm ines  t h e  r a t e  o f  
i s o t r o p i c  ha rden ing ,  and can be de te rm ined  from t h e  f i r s t  f e w  s t r e s s - s t r a i n  
c y c l e s  from t h e  same exper imen ts  used t o  q u a n t i f y  t h e  c o n s t a n t s  H and L a t  
i s o t r o p i c  s a t u r a t i o n .  The e x p e r i m e n t a l  and c o r r e l a t e d  s t r e s s - s t r a i n  h y s t e r e -  
s i s  l oops  a t  200 "C a r e  p r e s e n t e d  i n  f i g u r e  3 f o r  y o u r  comparison. 
EXPERIMENTAL DETAILS 
The exper iments  were pe r fo rmed  u s i n g  a 90 kN, c losed- loop ,  servo-  
h y d r a u l i c ,  t e s t  system f i t t e d  w i t h  an env i ronmen ta l  chamber. The i s o t h e r m a l  
exper iments  were pe r fo rmed  i n  vacuum, w h i l e  t h e  thermomechanical  exper imen ts  
were per fo rmed i n  f l o w i n g  a rgon .  A h i g h  tempera tu re  a x i a l  ex tensometer  was 
used fo r  s t r a i n  measurement and c o n t r o l .  Specimens were hea ted  by  a r a d i o  f r e -  
quency i n d u c t i o n  g e n e r a t o r .  A chromel-alumel thermocoup le  was used fo r  temper- 
a t u r e  measurement and c o n t r o l .  The tempera tu re  p r o f i l e  a l o n g  t h e  gage l e n g t h  
o f  a specimen was checked u s i n g  t h r e e  thermocouples,  and l e s s  t h a n  a 10 " C  v a r -  
i a t i o n  was measured. A 1 6 - b i t  computer was used t o  genera te  t h e  s t r a i n  and 
tempera tu re  waveforms, and t o  a c q u i r e  t h e  d a t a .  
Bo th  t h e  i s o t h e r m a l  and thermomechanical  exper imen ts  were pe r fo rmed  i n  
s t r a i n  c o n t r o l  a t  a c o n s t a n t  mechan ica l  s t r a i n  r a t e .  Pr ior  t o  b e g i n n i n g  t h e  
thermomechanical exper imen ts ,  t h e  tempera tu re  o f  t h e  specimen was c y c l e d  
between t h e  d e s i r e d  l i m i t s ,  k e e p i n g  t h e  specimen a t  z e r o  l o a d .  The tempera- 
t u r e  ve rsus  thermal - -expans ion  s t r a i n  d a t a  were s t o r e d  and subsequen t l y  added 
t o  t h e  d e s i r e d  mechanical  s t r a i n  waveform i n  o r d e r  t o  o b t a i n  t h e  c o n t r o l  wave- 
form. These thermal  expans ion  s t r a i n s  were s u b t r a c t e d  from t h e  r e c o r d e d  t o t a l  
( t h e r m a l  p l u s  mechan ica l )  s t r a i n s  i n  o r d e r  t o  o b t a i n  t h e  d e s i r e d  s t r e s s  ve rsus  
m e c h a n i c a l - s t r a i n  h y s t e r e s i s  l o o p s .  
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The m a t e r i a l  s t u d i e d  was p o l y c r y s t a l l i n e  OFHC copper s u p p l i e d  i n  t h e  form 
o f  19 mm round  b a r s .  Machined specimens w e r e  120 mm i n  l e n g t h ,  and had a 19 mm 
l o n g  u n i f o r m  gage s e c t i o n .  The d iamete r  o f  t h e  gage s e c t i o n  was 9.5 mm. Each 
specimen was annea led  a t  538 "C for 1 h r  i n  vacuum p r i o r  t o  t e s t i n g .  
DISCUSSION 
There i s  a need fo r  r e l a t i v e l y  s i m p l e  v i s c o p l a s t i c  models w i t h  t h e  capa- 
b i l i t y  o f  p r o v i d i n g  a c c u r a t e  i n p u t  t o  l i f e  assess ing  schemes. I n  h i g h -  
temperature s t r u c t u r a l  a p p l i c a t i o n s ,  t h ree -d imens iona l  s t r e s s  s t a t e s  a s s o c i a t e d  
w i t h  non iso the rma l  and n o n p r o p o r t i o n a l  l o a d i n g  h i s t o r i e s  a r e  t h e  norm, n o t  t h e  
e x c e p t i o n .  The v i s c o p l a s t i c  model p r e s e n t e d  h e r e i n  was developed w i t h  t h i s  
need and a p p l i c a t i o n  i n  mind. To r e t a i n  s i m p l i c i t y ,  i t  was e s s e n t i a l  t o  model 
o n l y  t h e  f i r s t - o r d e r  e f f e c t s  a s s o c i a t e d  w i t h  t h e  i n e l a s t i c  d e f o r m a t i o n  o f  m e t -  
a l s ,  such as i s o t r o p i c  and k i n e m a t i c  ha rden ing .  A s e c o n d - i n v a r i a n t  f o r m u l a t i o n  
fo r  t h e  flow e q u a t i o n  was adopted, and as such, t h e  h i g h e r  o r d e r  e f f e c t  o f  d i s -  
t o r t i n g  flow s u r f a c e s  was n e g l e c t e d .  Both t h e  back s t r e s s  and t h e  d r a g  s t r e s s  
e v o l v e  i n  a c o m p e t i t i v e  process between s t r a i n - h a r d e n i n g  and r e c o v e r y .  I n  p a r -  
t i c u l a r ,  t h e  back s t r e s s  was c o n s i d e r e d  t o  r e c o v e r  by a dynamic or s t r a i n -  
induced mechanism, w h i l e  t h e  d rag  s t r e s s  was c o n s i d e r e d  t o  r e c o v e r  by a s t a t i c  
or t h e r m a l l y - i n d u c e d  mechanism. 
dynamic r e c o v e r y  o f  d rag  s t r e s s  were c o n s i d e r e d  as h i g h e r - o r d e r  e f f e c t s ,  and 
have t h e r e f o r e  been n e g l e c t e d .  A s i g n i f i c a n t  s i m p l i f i c a t i o n  i s  ach ieved  i n  t h e  
mathemat ica l  s t r u c t u r e  o f  t h e  c o n s t i t u t i v e  e q u a t i o n s  by n o t  c o u p l i n g  s t a t i c  and 
dynamic r e c o v e r y  t e r m s  w i t h i n  e i t h e r  e v o l u t i o n a r y  e q u a t i o n .  I n  t h i s  r e g a r d ,  
t h e  model i s  most un ique .  Each te rm and each m a t e r i a l  c o n s t a n t  i n  t h e  model 
has an i n t e r p r e t a t i o n  t h a t  i s  p h y s i c a l l y  m e a n i n g f u l .  The phenomenological  
approach used t o  d e r i v e  t h e  m a t e r i a l  f u n c t i o n s  of t h i s  model i s  a k i n  t o  t h e  
approach used by M i l l e r  ( r e f .  7) i n  h i s  model development;  however, o u r  f o c u s  
has been towards t h e  s i m p l i f i e d ,  whereas h i s  focus i s  towards t h e  d e t a i l e d .  I n  
a d d i t i o n ,  o u r  Zener-Hollomon parameter  i s  s i m i l a r  t o  t h e  one used by M i l l e r  ( a  
h y p e r b o l i c  s i n e  r a i s e d  t o  a power),  b u t  o u r s  i s  more e f f i c i e n t  i n  numer i ca l  
i n t e g r a t i o n .  The end r e s u l t  i s  a r e l a t i v e l y  s imp le  v i s c o p l a s t i c  model w i t h  
reasonab le  p o t e n t i a l  t o  ach ieve  i t s  o b j e c t i v e .  T h i s  model has r e c e n t l y  been 
implemented i n t o  a f i n i t e - e l e m e n t  code, where i t  i s  b e i n g  used t o  p e r f o r m  
s t r u c t u r a l  ana lyses .  
The s t a t i c  r e c o v e r y  of back s t r e s s  and t h e  
Thermomechanical exper imen ts  were per fo rmed fo r  t h e  purpose o f  a s s e s s i n g  
t h e  m o d e l ' s  c a p a b i l i t y  under u n i a x i a l  c o n d i t i o n s .  A comparison between e x p e r i -  
ment and t h e o r y  i s  p resen ted  i n  f i g u r e  4 f o r  an in-phase t e s t .  Here t h e  tem-  
p e r a t u r e  range was from 200 t o  500 "C, and t h e  c o n t r o l l i n g  mechanica l  s t r a i n  
r a t e  was 1 . 5 ~ 1 0 - 5 / s .  The model does a good j o b  i n  p r e d i c t i n g  a t  t h e  h o t  end 
o f  t h e  c y c l e ,  b u t  i t  o v e r  p r e d i c t s  a t  t h e  c o l d  end o f  t h e  c y c l e .  Problems i n  
a c c u r a t e l y  p r e d i c t i n g  t h e  c o l d  end response of thermomechanical h y s t e r e s i s  
loops seems t o  be a common f l a w  of v i s c o p l a s t i c  models ( r e f .  1 6 ) .  Why t h i s  
model e x h i b i t s  an excess i ve  amount of ha rden ing  a t  t h e  c o l d  end o f  t h e  c y c l e  
i s  c u r r e n t l y  unknown. Th is  i s  a d i s t u r b i n g  r e s u l t ,  s i n c e  s t r e s s  a m p l i t u d e  and 
mean s t r e s s  a r e  o f t e n  i m p o r t a n t  i n g r e d i e n t s  i n  l i f e  assess ing  schemes. Never- 
t h e l e s s ,  i t  i s  encourag ing  t o  n o t e  t h a t  t h e  model p r e d i c t i o n s  a r e  more a c c u r a t e  
than  t h e  o f t e n  used ru le -o f - thumb,  where s t r e s s  a m p l i t u d e  and mean s t r e s s  a r e  
determined from s a t u r a t e d  i s o t h e r m a l  h y s t e r e s i s  l oops  a s s o c i a t e d  w i t h  t h e  
mechanical  s t r a i n  range and tempera tu re  extremes o f  t h e  thermomechanical c y c l e .  
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The jagged n a t u r e  of t h e  exper imen ta l  d a t a  i s  t h e  r e s u l t  o f  s t r a i n  a v a l -  
anches ( c f .  Yan and L a i r d  ( r e f .  1 7 ) ) .  The d i g i t a l l y - s t o r e d  d a t a  o f  f i g u r e  4 
were a c q u i r e d  a t  too slow a r a t e  t o  c a p t u r e  t h e  d e t a i l s  o f  t h e  response.  
u r e  5 i s  an in-phase thermomechanical  response cu rve  for f o u r  c o n s e c u t i v e  
c y c l e s ,  which more c l e a r l y  shows t h e  s u b s t r u c t u r e  of t h e  h y s t e r e s i s  l o o p s  
a s s o c i a t e d  w i t h  s t r a i n  ava lanches .  Here t h e  tempera tu re  range  was from 316 t o  
427 "C,  and t h e  c o n t r o l l i n g  mechan ica l  s t r a i n  r a t e  was 2 . 5 ~ 1 0 - 5 / s .  
L a i r d  observed t h i s  phenomena a f t e r  c y c l i n g  p o l y c r y s t a l l i n e  copper a t  room tem- 
p e r a t u r e  t o  h a l f  l i f e ,  w h i l e  i n  t h e  p r e s e n t  work, s t r a i n  ava lanches  were 
observed t o  b e g i n  a t  t h e  o n s e t  of c y c l i n g  i n  a l l  thermomechanical  exper imen ts .  
The s t r a i n  avalanches a r e  n o t  random, as ev idenced by  t h e  c o i n c i d e n c e  o f  t h e  
f o u r  h y s t e r e s i s  l o o p s .  The spac ing  between t h e  s t r a i n  ava lanches  and t h e  mag- 
n i t u d e  o f  t h e  s t r a i n  ava lanches  a r e  r e l a t e d .  The l o n g e r  t h e  t i m e  i n t e r v a l  
between two success i ve  ava lanches  t h e  l a r g e r  t h e  f o l l o w i n g  ava lanche.  
F i g -  
Yan and 
REFERENCES 
1 .  Freed, A.D.: S t r u c t u r e  o f  a V i s c o p l a s t i c  Theory 
2 .  P rager ,  W . :  Recent Developments i n  t h e  Mathemat 
P l a s t i c i t y .  J. A p p l .  Phys . ,  v o l .  20, no.  3, Mar 
3 .  Zener, C . ;  and Hol lomon, J.H.:  P l a s t i c  Flow and 
NASA TM-i 00794, 1988. 
c a l  Theory o f  
1949, pp .  235-241. 
Rupture  of M e t a l s .  
Trans. Am. SOC. M e t a l s ,  v o l .  33, 1944, pp. 163-215. 
4 .  K r i e g ,  R . D . :  A P r a c t i c a l  Two Sur face  P l a s t i c i t y  Theory.  J. A p p l .  Mech., 
v o l  42, no. 3, Sept .  1975, pp .  641-646. 
5 .  M i t r a ,  S.K.; and McLean, D. :  Work Harden ing  and Recovery i n  Creep. P roc .  
R .  SOC. London Ser .  A ,  v o l .  295, no. 1442, Dec. 6, 1966, pp.  288-299. 
6 .  Onat, E . T . ;  and L e c k i e ,  F.A.:  R e p r e s e n t a t i o n  o f  Mechan ica l  Behav io r  i n  
t h e  Presence o f  Changing I n t e r n a l  S t r u c t u r e .  To appear i n  J. A p p l .  Mech., 
1988. 
7 .  M i l l e r ,  A.K.: A U n i f i e d  Phenomenological  Model for t h e  Monoton ic ,  C y c l i c ,  
and CreeD De fo rmat ion  o f  S t r o n g l y  Work-Hardening M a t e r i a l s .  Ph.D. T h e s i s ,  
v e r s i t y ,  1975, pp .  36-41. S t a n f o r d '  Un 
8. Ashby, M.F .  
v o l  . 20, 
no.  7 ,  J u l y  
9. Dorn,  J.E.:  
Mech. Phys. 
A F i r s t  Repor t  on  Deformation-Mechanism Maps. A c t a  Me t . ,  
Some Fundamental Exper iments on  H igh  Temperature Creep. J .  
S o l i d s ,  v o l .  3, no.  2, Jan. 1955, pp.  85-116. 
10. O d q v i s t ,  F.K.G.: Ma themat i ca l  Theory o f  Creep and Creep Rup tu re .  2nd 
ed . ,  C la rendon Press ,  O x f o r d ,  London, 1974, pp .  20-35. 
1 1 .  Pahutova, M . ;  Cadek, J . ;  and Rys, P . :  H igh  Temperature Creep i n  Copper. 
P h i l o s .  Mag., v o l  23, no .  183, Mar. 1971, pp .  509-517. 
9 
1 2 .  B a r r e t t ,  C.R.; and Sherby, O.D.:  S teady-Sta te  Creep C h a r a c t e r i s t i c s  o f  
P o l y c r y s t a l l i n e  Copper i n  t h e  Temperature Range 400 O t o  950 "C.  A I M E  
T rans . ,  v o l .  230, no. 6, Oc t .  1964, pp .  1322-1327. 
S p e c i a l  Reference t o  Copper. Ac ta .  Met . ,  v o l  7,  no.  9, Sept .  1959, pp .  
13. Fel tham, P. ;  and Meakin,  J.D.: Creep i n  Face-Centered Cubic M e t a l s  w i t h  
61 4-627. 
14. Jenk ins ,  W.D.; and D igges ,  T .G. :  Creep o f  Annealed and Cold-Drawn 
H i g h - P u r i t y  Copper. J .  Res. NBS, v o l .  47, no. 4, O c t .  1951, pp. 272-287. 
15. Walker,  K.P.; and Jordan, E . H . :  C o n s t i t u t i v e  M o d e l l i n g  of  S i n g l e  C r y s t a l  
and D i r e c t i o n a l l y  S o l i d i f i e d  S u p e r a l l o y s .  T u r b i n e  Engine Hot S e c t i o n  
Technology 1987, NASA CP-2493, 1987, pp. 299-301. 
16. Walker,  K .P. :  Personnal  communicat ion,  1988. 
17. Yan, 6.-D.; and L a i r d ,  C. :  The Phenomenon o f  S t r a i n  Avalanches i n  C y c l i c  
De fo rma t ion .  A c t a  Me t . ,  v o l .  33, no. 1 1 ,  Nov. 1985, pp. 2023-2031. 
U n i t s  Val uesa 
MPa 165,gOO - 1254 
"C- l  15x10- + 5x10- T 
S-1 50 ,000 ,000  
- 0.34 
MPa 1 .5  
MPa 500 
MPa 5 ,000  
- 5 
J h o l  e 200.000 
MPa 25 exp( -TI3001 
























1 ,356  I 106 
aT i s  i n  degrees cent igrade .  I 





0 MONOTONIC DATA - 
0 MONOTONIC DATA - 
0 MONOTONIC DATA - 
0 
/p I 
103 1 I 14 I 1 1 1  I I I I I l l l l  I I I l l l d  
100 10' 102 103 
TENSILE FLOW STRESS, MPA 
FIGURE 1. - STRESS DEPENDENCE OF THE ZENER- 
HOLLOMON PARAMETER FOR COPPER. 
IS THE F I T  OF EQ. (7a) TO THESE DATA FOR 
THE MATERIAL CONSTANTS GIVEN I N  TABLE I .  
THE CURVE 
m 
v) w e 
TEMPERATURE, 
OC 























-.010 -.005 0 .005 .010 
STRA I N 
( B >  THEORETICAL CORRELATIONS. 
FIGURE 2. - SATURATED HYSTERESIS LOOPS 









( A )  EXPERIMENTAL DATA. 
STRA I N 
( B )  THEORETICAL PREDICTION. 
FIGURE 3. - STRESS-STRAIN RESPONSE OF 
COPPER. T = 200 OC; k = O.OOl/S. 
11 
75 r I 
a 
E -125 
m (A) EXPERIMENTAL DATA. 
v, s 7 5 r  I 
I- m 
-.004 -.002 0 * 002 ,004 
MECHANICAL STRAIN 
(B)  THEORETICAL PREDICTION. 
FIGURE 4. - IN-PHASE THERMOMECHANI- 
CAL HYSTERESIS LOOPS FOR COPPER. 
i = 1 . 5 ~ 1 0 - ~  + a i  1 s .  
CYCLES 251 - 254 
73 
NASA 
1 Report No 
Natlonal Aermautic~ and 
2. Government Accession No. 3 Recipient's Catalog No 
Report Documentation Page 
4. Title and Subtitle 5. Report Date 
NASA TM- 10083 1 I I 
7. Author(s) 
Alan D. Freed and Michael J. Verrilli 
8. Performing Organization Report No. 
E-4020 
10. Work Unit No. 
A Viscoplastic Theory Applied to Copper 
19 Security Classif (of this report) 
Unclassified 
k------ 6. Performing Organization Code 
20 Security Classif (of this page) 121 ~07:ges 22 Price' 
Unclassified 1 A02 1 , 
505-63- 1 B 
9. Performing Organization Name and Address 
National Aeronautics and Space Administration 
Lewis Research Center 
Cleveland, Ohio 44135-3191 
12. Sponsoring Agency Name and Address 
National Aeronautics and Space Administration 
Washington, D.C. 20546-0001 
11. Contract or Grant No. 
13. Type of Report and Period Covered - 
Technical Memorandum 
14. Sponsoring Agency Code 
I 
15. Supplementary Notes 
Prepared for the International Seminar on "The Inelastic Behavior of Solids 
Models and Utilization," sponsored by MECAMAT, BesanGon, France, August 30 - 
September 1 ,  1988. 
~~ 
=Abstract 
A phenomenologically based viscoplastic model is derived for copper. 
is thermodynamically constrained by the condition of material dissipativity. Two 
internal state variables are considered. The back stress accounts for strain- 
induced anisotropy, or kinematic hardening. The drag stress accounts for iso- 
tropic hardening. Static and dynamic recovery terms are not coupled in either 
evolutionary equation. 
while the evolution of back stress depends on dynamic recovery. 
constants are determined from isothermal data. Model predictions are compared 
with experimental data for thermomechanical test conditions. They are in good 
agreement at the hot end of the loading cycle, but the model over predicts the 
stress response at the cold end of the cycle. 
The model 
The evolution of drag stress depends on static recovery, 
The material 
17. Key Words (Suggested by Author(s)) 
Viscoplastici ty; Creep; 
Thermodynamics; Copper; 
Stress-strain; 
18. Distribution Statement 
Unclassified - Unlimited 
Subject Category 39 
Thermomechanical cycl i ng I I 
~~~~~ __ ~ ~ 
'For sale by the National Technical Information Service, Springfield, Virginia 221 61 NASA FORM 1626 OCT 86 
